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Part A (Short Answer Questions)

Answer any eight questions.

Weight 1 each.

 

1.   When we can say that a subset of a metric space is rare, meager and nonmeager. State Baire's Category
Theorem.

2.   Define closed linear operator. Give an example of a closed linear operator which is not bounded.

3.   Define the eigenvalues and eigenvectors of an   matrix.

4.   Define resolvent operator and spectrum of a linear operator   , where   is a
complex normed space and .

5.   Let matrix   and , where . are real numbers. Find the eigenvalues

of  .

6.   Let  be an algebra with identity. Let   be such that   is invertible and commutes with   on  .
Then show that   and  also commutes.

7.  
Prove that every relatively compact subset of a metric space is totally bounded.

8.  
Establish the relation between the spectrum and point spectrum of a compact linear operator on a Banach
space.

9.   Prove that the relation " " defined by   is a partial
ordering on the set of all bounded self-adjoint linear operators on a complex Hilbert space  .

10.   For any projection  on a Hilbert space , prove that   and  .
(8×1=8 weightage)
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Part B (Short Essay/Problems)

Answer any six questions.

Weight 2 each.
 

11.   Prove that if the dual space   of a normed space   is separable, then   itself is separable.

12.   Prove that a sequence   of bounded linear functionals on a Banch space   is weak* convergent if and
only if
(A)  The sequence   is bounded.
(B)  The sequence   is cauchy  for every   in a total subset   of  .

13.   Define contraction on a metric space. Prove that contraction is a continuous mapping.

14.   Prove that the eigenvectors   corresponding to distinct eigenvalues   of  a
linear operator    defined on a vector space, are linearly independant.

15.   Let   be a complex Banach algebra with identity and  . Then show that the set spectrum   is
compact and the spectral radius satisfies  .

16.   Show that   defined by   is compact, where  .

17.   Prove that the spectrum   of a bounded self-adjoint linear operator   on a complex
Hilbert space   is real.

18.   Let  be a bounded self-adjoint linear operator on a complex Hilbert space  . Prove
that  and  are spectral values of   where   and   .

(6×2=12 weightage)

Part C (Essay Type Questions)

Answer any two questions.

Weight 5 each.
 

19.   State and prove Bounded Inverse Theorem.

20.   Let   , where   is a complex Banach space. Then:
(a) Prove that the spectrum of   is closed.
(b) Prove that the spectrum of   is compact.

21.   If   is a is a compact linear operator on a normed space , Prove that for every ,
a) dim  and 
b) the range of    is closed and .
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22.   Let  and  be projections defined on a Hilbert space  and let  and .

1. Prove that   if and only if 
2. Prove that the difference   is a projection if and only if 

(2×5=10 weightage)
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