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Part A (Short Answer Questions)

Answer any eight questions.

Weight 1 each.
 

1.   Give an example of a sequence of bounded linear operators which is strongly operator convergent but
not uniformly operator convergent. Justify your answer.

2.   Define closed linear operator. Give an example.

3.   Define spectrum of a linear operator   , where   is a complex normed space and
. Also, define the three partitions of the spectrum.

4.   If  is an eigen value of a square matrix , prove that    is an eigen value of .

5.   Find the spectrum of the identity operator and zero operator.

6.   Define a commutative algebra. Give an example of an algebra which is not commutative.

7.  
Prove that the null space of , where   is a compact linear operator on a normed space   is
finite dimensional.

8.  
Let   be a compact linear operator on a Banach space , then prove that every spectral value

 is an Eigen value of .
 

9.   Define self-adjoint linear operator on a Hilbert space  . Prove that the eigen values of a
bounded self-adjoint linear operator on a complex Hilbert space (if they exists) are real.

10.   Define orthogonal projection on a Hilbert space. State and prove any two properties of an orthogonal
projection.

(8×1=8 weightage)
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Part B (Short Essay/Problems)

Answer any six questions.

Weight 2 each.
 

11.   Define reflexive spaces. Prove that every Hilbert space  is reflexive.

12.   State and prove Uniform Boundedness theorem.

13.   Prove that all matrices representing a linear operator   on a finite dimensional normed space 
 relative to various bases for   have the same eigenvalues.

14.   If  is a complex Banach space and  , then prove that the spectrum  .

15.   If   satisfies  , then show that   is invertible and  .

16.  
Prove that a compact linear operator , from a normed space  into a Banach space   has a
compact linear extension  , where   is the completion of .

17.   Let  be a bounded self-adjoint linear operator on a complex Hilbert space  . Prove
that  where   and 

18.   Let  and  be projections defined on a Hilbert space  and let  and . Prove
that the difference   is a projection if and only if  .

(6×2=12 weightage)

Part C (Essay Type Questions)

Answer any two questions.

Weight 5 each.
 

19.   (a) Let   and   be Banach spaces. Let    be a surjective bounded linear operator. Prove that
the image   of the open unit ball   contains an open ball about  .
(b) State and prove Bounded Inverse Theorem.

20.   State and prove Banach fixed point theorem.

21.   (i) Let   and   be normed spaces and   be a linear operator. Prove that   is compact if and
only if   maps every bounded sequence   in   onto a sequence   in   which has a convergent
subsequence.

(ii) Let   and  , for  . Then show that the operator 

 defined by   is compact.

22.   When will be the product of two positive operators on a Hilbert space is positive? Justify your answer.
(2×5=10 weightage)
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