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Part A
Answer any ten questions.

Each question carries 2 marks.

1. Give an example of functions f and g that are both discontinuous at a point ¢ in R such
that the sum f+g is continuous at c.

2. Show that the continuous image of an open interval need not be an open interval.
3. Define Monotone function.Show that such functions need not be continuous.
4. Define the derivative of a function f at a point c .

5. Using the chain rule, find the derivative of f™(x), where f : I — R is differentiable and
n>2neN.

et —1
6 Find lim, .o .

7. Find the norm of the partition P= {1, 1.2,1.65, 2,2.31,2.72, 3} of the interval [1, 3].

8. Under what circumstances differentiation and Riemann ntegration are inverse to each
other.

9. State any theorem which characterises Riemann Integrable function on an interval [a, b].

10. Evaluate lim (7 ) for zeR; x > 0.

11. Evaluate lim(e ™) forx € R,z > 0.

12. Give an example of a sequence of continuous functions that converges pointwise to a
discontinuous limit.

(10x2=20)
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Part B
Answer any six questions.

Each question carries 5 marks.

13. Define Dirichlet's function. Show that it is not continuous at any point of R.

14. Leta < b < c. Suppose that f is continuous on [a,b], that g is continuous on [b,c], and
that f(b) =g(b). Define h on [a,c] by h(x) = f(x) for € [a, b] and h(x) = g(x) for x € [b, ] .
Prove that h is continuous on [a,c] .

15. Show that every continuous function on a closed bounded interval | is uniformly
continuous on .

z?, xis rational

x, xisirrational’

16. Prove that f is

Let f: R — R defined by f(z) = {
differentiable at x = 0 .
17. State and prove Rolle's theorem.

18. Using Mean value theorem, Prove that | sinz — siny| < |z — y|,Vz,y € R.

19. Suppose that f is continous on on [a, b and that f(z) > 0 foall x € [a, b] and that

b
[ f=0.Provethat f(z) =0 forallz € [a,b].

20. t cosyi

Evaluate f
J TV

dt.

21. Let gy, : [0,1] — R defined by g, (x) = ™. Show that (g,,) converges but the limit is
not differentiable on [0, 1].
(6x5=30)
Part C
Answer any two questions.

Each question carries 15 marks.

22. (a) State and prove Location of Roots Theorem.
(b) Let I C R be aninterval and let f : I — R be increasing on | . Suppose thatc € [ is
not an endpoint of I. Prove that the following statements are equivalent.
(i) f is continuous at c.

(i) im f= f(c) = lim f.
T—Cc— r—c+
(iysup{f(z) :z € I,z < c} = f(c) =inf{f(z) :z € I,z > c}.
23. (a.) State and Prove L'Hospital's Rule Il
(b.) Using this, find the following

el | rege 2



e |l

o log sin
(i.) limg 04 Toea
ogx

log x

(ii.) img oo

24. (a) Suppose that f : [a,b] — R and that f(z) = 0, except for a finite number of ponits
b
ClyCoyunnnnn. cn in [a, b]. Prove that f € Rla,b] and [ f = 0.
a

(b) If g € Rla, b] and if f(xz) = g(x) except for a finite number of ponts in [a, b], prove

b b
that f € R[a,b] andthat [ f= [g.

a a

25. (a) State and prove the Cauchy Criterion for Riemann integrability of a function
f:[a,b] — R.
(b) Check the Riemann integrability of Dirichlet function.
(2x15=30)
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