Measure Theory MCQ -Module 1

1. If A and B are two sets such that A € B, then
m*(A) < m*(B) (B) m* (A)>m*(B) (C)m* (A)#m*(B) (D) None of these
2. Which of the following statements is false for a Lebesgue Outer Measure of an arbitrary set
(A) m*(A)=20VA
(B) If A € B, then m* (A) < m*(B)
© m* (A+x) =m* (A) VxeR
D) If {Ex } is any countable collection of sets disjoint or not , then
w7 B> S, m (B
3. A set E is said to be measurable if for each set A
(A) m*(A)= m* (ANE) +m* (A NE°)
B) m*(A= m*(AUE)+m*(AUE®
(C) m*(E)= m*(ANE)+ m* (A N E°®
(D) m*(E)= m*(AUE)+m* (A UE°
4. Identify the wrong statement

(A) cantor set is uncountable
(B) cantor set is open

(C) cantor set is measurable
(D) cantor set is nonempty

5. Which property is called countable subadditivity of outer measure
@) m* (U B < T, m*(Ey)
B) m*(|J,_ B> Tio,m"(Ex)

(©) m*(,_, Ex) = Tieam” (Ex)
(D) None of these

6. Which is a Measurable set?
(A) open set
(B) closed set
(C) Borel set
(D) All the above

7. The outer measure of a countable set is
(A) 0
(B) o
© 1
(D) Not defined

8. The outer measure of Cantors set is
1
(A)oo (B)1 (©)0 (D) 5

9. If {Ex}r=, is an ascending collection of measurable sets and E = U:; L Ex, then m(E) is
equal to



(A) Lie=a m(Ex) B)0 (C)oo (D) lim m(E)
10. If {E}}r= is an descending collection of measurable sets with m ( E; ) < oo and
E= ﬂ;o: . Ex, then m(E) is equal to

(A) Xie=1m(Ey) (B)0 (€)oo (D) lim m(Ej)

k—o0

11. Which of the following statements is true for a Lebesgue measure
(A) countable additivity
(B) Monotonicity
(C) translation invariant
(D) All the above are true
12. If I =[a,b] is a closed interval, then length of I is
(A) atb (B) a-b (C)b-a (D) None of these
13. Which of the following statement is true
(A) There exists a non-measurable subset of real numbers
(B) There exists a measurable set which is not a Borel set.
(C) There exists an uncountable set having measure zero.
(D) All the above are true
14. Which of the following is an algebra on X={1,2,3}
(A) {9}
(B) {9, {1}, {1.2}}
(C) {9, {1}, {23}, {1.2,3}}
D)X}
15. If A and B are two sets such that m* (A) =0, then
(A) m* (AUB) =m* (B)
(B) m* (A) =m* (B)
(C) m* (A) <m* (B)
(D) m* (B)<m* (A)
16. Which of the following statement is true
(A) E; set is measurable.
(B) Gg set is measurable.
(C) Borel set is measurable

(D)AII the above are true
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18

19
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21

22.

23

24

25.

. The outer measure of empty set is
(A)0 (B) o ©)1 D)o
.m* ({k})=....... , where k is a real number
A1 B)O0 Ok (D) None of these

. Identify the correct statement
(A) Cantor — Lebesgue function is an increasing function
(B) Cantor — Lebesgue function is a continuous function
(C) Cantor — Lebesgue function maps [0,1] onto [0,1]
(D) All the above are true.
. If Q is an algebra and A, B € Q, then
(A) A-BeQ (B)AABeQ (C)ANBeQ (D)AII the above are true
. F; setis the
(A) intersection of a countable collection of open sets.
(B) intersection of a countable collection of closed sets
(C) union of a countable collection of open sets
(D) union of a countable collection of closed sets
Gg set is the
(A) intersection of a countable collection of open sets.
(B) intersection of a countable collection of closed sets
(C) union of a countable collection of open sets
(D) union of a countable collection of closed sets
. Which one is not equivalent to the measurability of any set of real numbers E
(A) For each >0, there is an open set O containing E for which m* (O-E)<e€
(B) For each >0, there is a closed set F containing E for which m* (F-E)<e
(C) For each €>0, there is a closed set F contained in E for which m* (E-F)<e
(D) There is a Gg set G containing E for which m* (G-E)<e€
. For any set E and any e>0,there exists an open set O containing E for which
(A) m* (O)>m* (E) + €
(B)m* (O)<m *(E)-¢€
(C)m* (0O)>m* (E) - €
(D)m* (O)<m* (E) + €

Let A be the set of irrational numbers in [0,1], then



(A)m* (A)=0
(B) m* (A) =1

(C) m* (A)= 0
(D) m* (A)=2
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2. Let f be an extended real valued function defined on a measurable domain E. If f is
Lesbesgue measurable, then for each real number ¢, which of the following statements is
true.

(A) {z € E|f(x) > ¢} is measurable.

(B) {z € E|f(z) < ¢} is measurable.

(C) {z € E|f(z) = ¢} is measurable.

(D) All of the above.

3. Let f be an extended real valued function defined on a measurable domain E. Then f
is measurable if and only if for each open set O, f~1(0) = {x € E|f(z) € O} is:

(A) f~1(O) = {x € E|f(x) € O} is open.

(B) f~YO0) = {z € E|f(x) € O} is measurable.

(C) f~YO) = {x € E|f(x) € O} is closed.
(D)

None of the above.

4. Which one of the following is false.

(A) A monotone function that is defined on an interval is not measurable.

(B) Let f be an extended measurable real-valued function on F and f = g a.e. on E, then
g is measurable on E.

(C) A monotone function that is defined on an interval is measurable.

(D) A real-valued function that is continuous on its measurable domain is measurable.

5. Let f and g be measurable functions on E that are finite a.e. on E. Then which of the
following statements is false.

(A) For a, B € R, aof + Bg is measurable on E.

(B) (f + g)? is measurable on E.

(C) fg is measurable on E.

(D) None of the above.

6. If A is any set. Then the characteristic function x4 is defined as

0 ifzecA
(A) xa = { 1 otherwise.



1 ifze A
(B) xa = { 0 otherwise.

1 fzeAd
(C) xa= { —1 otherwise.

(D) None of the above.

7. The characteristic function y 4 is measurable if and only if
A) A has measure 0.

) A has infinite measure.

) A is measurable.

) None of the above.

(
(B
(C
(D

8. Which one of the following is false.
(A) If f is measurable on E, then |f]| is measurable.

(B) If f is measurable on E, then, f~ is not measurable.

(C) If f is measurable on E, then fT is measurable.

(D) If f is measurable on F, then, f~ is measurable.

9. A real-valued function ¢ defined on a measurable set E is simple if
It is measurable.

It assumes only a finite number of values.

)
)
) It is measurable and assumes only a finite number of values.
) None of the above.

10. A bounded real-valued function f defined on a closed, bounded interval [a,b] is Rie-
mann integrable over [a, b] if:

R) [, f <@R) ] f.
(B) (R) [, f>(R) [, f.
(C) (R) [, f<(R)[; .
(

b b
D) B, f=@R) [, 1
11. Dirichlet’s function f is defined on [0, 1] as:
if x rational
if x irrational.
0 ifz<0.5
(B) f<’“°)_{ 1 ifz>05
1 if 2 rational

if x irrational.
(D) None of the above.

o

12. Which of the following is the Reimann integral of the Dirichlet’s function defined on

J?

Does not exist.
None of the above.

0,1
(A) 1
(B) 0
(©)
(D)



13. Let f be a bounded function defined on [a,b]. Then which of the following statements
is correct:

(A) If f is Lesbesgue integrable over [a,b], then f is Reimann integrable over [a, b].

(B) If f is Reimann integrable over [a, ], then f is Lesbesgue integrable over [a, b).

(C) If f is Reimann integrable over [a,b], then f may not be Lesbesgue integrable over
[a, b].

(D) None of the above.

14. Let f be a bounded measurable function on a set of finite measure F. Suppose A and
B are disjoint measurable subsets of E. Then [ asf =

(A) [, f+ gt
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16. Let f be a nonnegative measurable function on £ . Then for any A > 0,
(A) m{z € E|f(z) > \} < 3 [ f-
(B) m{z € E|f(x) > \} > ¥ [ f.
(C) m{z € E|f(z) > A} =1 [ ].
(D) m{z € E|f(z) > A} > 5 [ f-

17. Let f be a nonnegative measurable function on E. Then [, g/ =0if and only if
(A) f>0ae onE.
(B) f=0a.e. on E.
(C) f<O0a.e. onE.
(D) f <0 ae. on E.

18. Let {f,} be a sequence of nonnegative measurable functions on E. If {f,} — f
pointwise a.e. on F, then
(A) 5 f= liminf [, fn.
(B) [z f = liminf [ f,.
(C) [ f < liminf [, fu.
(D)

None of the above.

19. Let F = R. For any natural number n, define g, = X(n,n41)- Then g, converges
pointwise to

(A) g=0on E.

(B) g=0.50n E.

(C)g=1onE.

(D) None of the above.



20. A nonnegative measurable function f on a measurable set F is said to be integrable
over F if

A) [ f=0.
(B) [ f < oc.
(C)fEf:oo.

(D) None of the above.

21. Let the nonnegative function f be integrable over E. Then
(A) f is constant a.e. on E.

(B) fis 0 a.e. on E.

(C) f is finite a.e. on E.

(D) None of the above.

22. For an extended real-valued function f on E, the positive part f* of f is:

(A) fH(x) = max{f(x),0}.
(B) f*(x) = max{—f(z),0}.
(C) fT(x) = — max{f(x),0}
(D) f*(z) = min{f(x),0}

23. For an extended real-valued function f on E, the negative part f~ of f is:
(2) = min{—/(x),0}.
(z) = max{—f(x),0}.
I~ () = — max{/(x),0}.
None of the above.

24. If | f| is integrable over E, then the integral of f over E is given by
) fEf:fEer—i_fEfi'
)fEf:fEf+_fEf_'
;fEf:fEf_fEer‘

A
B
C
D) None of the above.

(
(
(
(

25. Let the functions f and g be integrable over E. Then for any a and 3,
(af+Bg)=a[pf-B [z

(O‘f“‘ﬁg) _afEf+Bng

((af—i—ﬁg) _afEf /8ng

(A)
(B)
(©)
D) [plaf+Bg)=a [z f+B8[pg
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. A pair (X, M) consisting of a set X and a o-algebra M of subsets of X is called a
(A) Measurable space

(B) o-finite space

(C) Measure Space

(D) Complete Measure Space

Let (X, M, u) be a measure space. A subset E of X is called measurable if
(A) u(E) =0

(B) u(E) # 0

C)EeM

(D)E ¢ M

. A measurable space (X, M) together with a measure u defined on it, is called a
(A) Topological Space

(B) Measure Space

(C) o-finite space

(D) Complete Measure Space

If 1 is @ measure on a measurable space (X, M), which of the following statements

is true.
(A) p: M = [0, 0]
(B) u(@® =0

(C) uis countably additive
(D) All the above

For any set X, we define M’ = 2%, the collection of all subsets of X, and define a
measure 1 by defining the measure of a finite set to be the number of elements in
the set and the measure of an infinite set to be . This measure is called

(A) Counting measure

(B) Lebesgue measure



(C) Dirac Measure

(D) Borel Measure

For any g-algebra M of subsets of a set X and point x, belonging to X, we can
define a measure 8, by

(1 ifxg €E
0y, (E) = {0 ifx, & E forevery E € M

This measure is called
(A) Counting measure
(B) Lebesgue measure
(C) Dirac Measure

(D) Borel Measure

Let (X, M, i) be a measure space. Then for any finite disjoint collection {E}; };-; of
measurable sets,
n n
u (U Ek> = > uE)
k=1 k=1
This property is known as
(A) Monotonicity
(B) Finite Additivity
(C) Excision

(D) Continuity of Measure

Let (X, M, i) be a measure space. If A and B are measurable sets and A € B, then
n(4) < u(B)

This property is known as

(A) Finite Additivity

(B) Excision

(C) Monotonicity

(D) Continuity of Measure



9. Let (X, M, u) be a measure space. If A and B are measurable sets, A € B and
u(A4) < oo, then
u(B~A) < u(B) — u(4)
This property is known as
(A) Finite Additivity
(B) Excision
(C) Monotonicity

(D) Continuity of Measure

10. Let (X, M, 1) be a measure space. Then for any countable collection {E} };-, of

measurable sets that covers a measurable set E,

W(E) < ) (i)
k=1

This property is known as
(A) Monotonicity

(B) Countable additivity
(C) Continuity of Measure

(D) Countable Monotonicity

11. Let (X, M, 1) be a measure space. Then for any countable disjoint collection {E}};-;

of measurable sets,

z (D Ek) = i n(Ey)
k=1 k=1

This property is known as
(A) Countable Additivity

(B) Monotonicity

(C) Countable Monotonicity

(D) Continuity of Measure

12. A sequence of sets {E} }i=; is called ascending if

(A) foreach k, Ey.1 = Ej



13.

14.

15.

16.

17.

(B) foreach k, E, 1 + Ej
(C) foreach k, Ey, € Eyyq
(D) foreach k, E .1 € Ej

Let (X, M, ) be a measure space. If u(X) < oo, then the measure p is said to be
(A) Positive

(B) Finite

(C) Semifinite

(D) o-finite

Let (X, M, ) be a measure space. If X is the union of a countable collection of
measurable sets, each of which has finite measure, then the measure u is said to be
(A) Positive

(B) Finite

(C) Semifinite

(D) o-finite

Let (X, M, ) be a measure space. A measurable set E is said to be of finite measure
provided

(A) W(E) <o

(B) W(E) =

(C) n(E) 2 0

(D) u(E) =0

Let (X, M, 1) be a measure space and E is a measurable set. If E is the union of a
countable collection of measurable sets, each of which has finite measure, then E is
said to be

(A) Finite

(B) o-finite

(C) positive

(D) saturated

Which of the following is a finite measure?



(A) Counting measure on an uncountable set
(B) Lebesgue measure on (—o0, o0)
(C) Lebesgue measure on [0,1]

(D) None of these

18. A measure space (X, M, ) is said to be complete provided
(A) M contains all subsets of X
(8) M = {X, 0}
(C) M contains all subsets of sets of measure oo

(D) M contains all subsets of sets of measure zero

19. Let v be a signed measure. A set A is called positive with respect to v if
(A) Ais measurable and v(E) = 0 for all measurable subsets E of A.
(B) Ais measurable and v(E) > 0 for all measurable subsets E of A.
(C) Ais measurable and v(4) > 0.
(D) Ais measurable and v(4) = 0

20. Let v be a signed measure. A set B is called negative with respect to v if
(A) B is measurable and v(B) < 0.
(B) B is measurableand v(B) < 0
(C) Bis measurable and v(E) < 0 for all measurable subsets E of B.

(D) B is measurable and v(E) < 0 for all measurable subsets E of B.

21. Let v be a sighed measure. A set A is called null with respect to v provided
(A) A is measurable and v(4) = 0.
(B) A is measurable and v(4) = 0
(C) Ais measurable and v(E) = 0 for all measurable subsets E of A.

(D) A is measurable and v(E) = 0 for all measurable subsets E of A.

22. Let v be a signed measure on the measurable space (X, M). Which of the following
is a Hahn decomposition for v?

(A) X = AU B where AN B # @, A is positive for v and B is negative for v



23.

24.

25

26.

27.

(B) X =AU B where AN B = @, Ais positive for v and B is negative for v
(C) X =AU B where AN B = @ and both A and B are positive for v
(D) X = AU B where AN B = @ Ais positive for v and B is negative for v

Let v be a signed measure on the measurable space (X, M). Which of the following
gives the Jordan decomposition of v?

(A) v =v* — v~ where v*tand v~ are mutually singular measures on (X, M)

(B) v =v* + v~ where v*tand v~ are mutually singular measures on (X, M)

(C) v=v* —v~ wherev*and v~ are measures on (X, M)

(D) v =v* + v~ where v*tand v~ are measures on (X, M)

Which of the following statements defines an outer measure on a set X.
(A) u*: 2% - [—o0, 0], u*(@) = 0 and u* is countably monotone.

(B) u*: 2% - [0, 0], u*(®) = 0 and u* is countably monotone.

(C) u*: 2% = [—o0,00], u*(@) = 0 and u* is monotone.

(D) u*: 2% - [0, ], u*(®) = 0 and u* is monotone.

. For a set X and the o-algebra M’ = {X, @}, which functions are measurable with

respect to M.

(A) Only the constant functions on X

(B) Every extended real-valued function on X
(C) Only the Identity Function on X

(D) Only the simple functions on X

Let (X, M) be a measurable space and f and g be any two measurable real-valued
functions on X. Then which of the following statements is false.

(A) f — g is measurable

(B) fg is measurable

(C) f o g is measurable

(D) max (f, g) is measurable

Two measures v; and v, on a measurable space (X, M) are said to be mutually

singular if there are disjoint measurable sets A and B with X = A U B for which



(A) vi(A) = 0andv,(B) <0
(B) vi(A) =v,(B) =0

(C) vi(A) =0andv,(B) # 0
(D) v1(A) #0andv,(B) # 0
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1. Which category of functions are used to define the integral of non-negative measurable
functions?

a) Simple functions b) Step functions

c) Real valued functions d) Extended real valued functions

2. Let (X, M, u) be a measure space, f be a nonnegative measurable function on X, and Ais a
positive real number, then the Chebychev’s inequality states that:

a) fx €X/f() > N [fdu  DuxeX/fC)< B<7[fdu

ulx €X/f()> Bsyffdun  duxeX/f)z B3 fdp

3. The Monotone Convergence Theorem is valid for
a) Simple functions b) Step functions

¢) Non negative measurable functions d) Measurable functions

4. The convergence of a sequence of bounded integrals corresponding to a sequence of
nonnegative integrable functions, to the integral of a function which is finite a.e. is guaranteed
by

a) Monotone convergence theorem b) Lebesgue’s convergence theorem

c) Fatou’s lemma d) Beppo Levi’s lemma

5. Let (X, M, u) be a measure space and f a nonnegative measurable function on
X. Then f is said to be integrable over X with respect to u if,
a)[fdu=0 b) [fdu< o
offdu<o d[fdu>0

6. Let f be a non-negative measurable function on a space (X, 1) such that f = 0 a.e.on X.

Then
a) f, fdu>0 b) f,, fdu=0
o) [ fdu<0 d) fy fdu=0

7. Let f and g be nonnegative measurable functions on X for which g < f a.e. on X. Then



a) [, fdu= [, gdu b) [, fdu> [, gdu

o f, fdu= [, gdu d [, fdu# [, gdu

8. The positive part of a measurable function is defined as
a) max {f, 0} b) max {—f, 0}
c) max {f,—f} d) max {+f, —f}

9. Let (X, M, 1) be a measure space and f a measurable function onX. Then f is said to be
integrable over X with respect to y if,

a) only ftis integrable b) only f ~is integrable
c) either f+ or f~ is integrable d) |f]isintegrable.

10. Let (X, M, u) be a measure space and {f;,}, a sequence of integrable functions on
X. Suppose for each € > 0, thereisa § > 0 such that for any natural number n and

measurable set E € X, if u(E) < §, then fE |fnldu < 0. Then

a) {f,.} is pointwise integrable b) {f.} is finitely integrable

c) {f,} is uniformly measurable d) {f,.} is uniformly integrable

11. Let (X, M, u) be a measure space for which u(x) = 0and f = coon X.Then,
a)fodMZO b)fodu=0

c) [, fdu=o d [, fdu<o

12. Which theorem establishes the passage of limit under the integral sign in the case of a
sequence of integrable functions converging pointwise?

a) Monotone convergence theorem b) Lebesgue dominated convergence theorem

¢) Vitali convergence theorem d) Bounded convergence theorem

13. Which theorem states that a ¢ —finite measure defined on a measurable space (X, M) can
be determined by the integral of a nonnegative measurable function?

a) Lebesgue decomposition theorem  b) Lebesgue convergence theorem

c) Vitali convergence theorem d) Radon -Nikodym theorem
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. Two measures u & v on a measurable space (X, M) are said to be mutually singular if there
are disjoint sets A & B with,

a) X = AUB & u(4) = v(B) b) X = AUB & u(A) # v(B)
c)X = AUB & u(A) = v(B) d)X =AUB &u(A) =v(B) =0

. If u & v are measures on a measurable space (X, M) suchthatuy L vand g < v,then
aAu=20 b)v=20
Au=v=0 du=v

(X, A, u) and (Y, B, v) are two measure spaces, then A X B is called a measurable
rectangle if
AJACX,BCY&A¢ABEB b)ACX,BCY&AEABEB
cJ)ACX,BCYR&A¢&ABE¢B dJACX,BCYR&A€EABEB

.Let E € X XY,and f be afunctionon E.Then the x —section of E is a subset of
a)X xY b) X
Y d) E

. Let R be the collection of measurable rectanglesin X X Y and for a measurable
rectangle A X B, define A(A X B) = u(A).v(B). Then A is called a,
a) premeasure b) outer measure
¢) product measure d) induced measure

. Let R be the collection of measurable rectanglesin X X Y.Then R is a,
a) ring b) group
c) semiring d) semigroup

. Let (X, A, 1) and (Y, B, v) be two measure spaces, {4y X B}y, be a countable disjoint
collection of measurable rectangles whose union is a measurable rectangle A X B, then

a) u(A) X v(B) = XLy u(Ax) X v(By) b) u(A) x v(B) < Xi=y u(Ax) X v(By)
¢) u(A) X v(B) > X1 h(Ar) X v(By) d) u(A) x v(B) # XiZq1 u(Ar) X v(By)



21. If u & v are complete measures, then u X v is

a) always complete b) not always complete

c) not at all complete d) none of these

22.1f (X,A) and (Y, B) are two measurable spaces, f is A — measurable, g is B — measurable,
then, fgis,

a) A — measurable b) B — measurable

c) A X B — measurable d) not measurable

23. Let (X, A, 1) and (Y, B, v) be two measure spaces. Then Fubini’s theorem is valid if

a) u & v are not complete b) i is complete

c) v is not complete d) v is complete

24. Let (X, A, 1) and (Y, B,v) be two measure spaces. Then Tonelli’s theorem is valid if

a) only uis o — finite b) both u & v are o — finite

c) only v if o — finite d) both u & v need not be g — finite

25. Fubini’s theorem and Tonelli’s theorem deals with

a) iterated measures b) iterated products

c) iterated integrals d) iterated rectangles




